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Abstract

Themechanismfor declaringdatatypesin functionalprogramminglanguagessuchasML andHaskell
is of greatusein practice.This mechanism,however, oftensuffers from its imprecisionin capturingthe
invariantsinherentin datastructures.Weremedythesituationwith theintroductionof dependentdatatypes
so that we canmodeldatastructureswith significantlymoreaccuracy. We presenta few interestingex-
amplessuchasimplementationsof red-blacktreesandbinomial heapsto illustratethe useof dependent
datatypesin capturingsomesophisticatedinvariantsin datastructures.We claim thatdependentdatatypes
canenabletheprogrammerto implementalgorithmsin away thatis morerobustandeasierto understand.

1 Introduction

Themechanismthatallowstheprogrammerto declaredatatypesseemsindispensablein functionalprogram-
minglanguagessuchasStandardML [15] andHaskell [19]. In practice,weoftenencountersituationswhere
the declareddatatypesdo not accuratelycapturewhat we really need. For instance,if what we needis a
datastructurefor thepairsof integerlistsof thesamelength,weoftendeclarea datatypein StandardML or
Haskell thatis for all pairsof integerlists. This inaccuracy problemis oftenarich sourcefor programerrors.
A typical scenariois thata functionwhich shouldonly receive asits argumenta pair of integer lists of the
samelengthis mistakenlyappliedto a pairof integerlistsof differentlengths.Unfortunately, sucha mistake
causesnotypeerrorsif pairsof integerlistsof equallengtharegivenatypethatis for all pairsof integerlists,
andthuscanusuallyhide in a programunnoticeduntil at run-time,whendebuggingoften becomesmuch
moredemandingthanatcompile-time.

Theinaccuracy problembecomesmoreseriouswhenwestartto implementmoresophisticateddatastruc-
turessuchasred-blacktrees,binomialheaps,orderedlists,etc.Therearesomerelatively complex invariants
in thesedatastructuresthatwe mustmaintainin orderto implementthemcorrectly. For instance,a correct
implementationof aninsertionoperationon a red-blacktreeshouldalwaysyield a red-blacktree. If we can
form a datatypeto preciselycapturethe propertiesof a red-blacktree, then it becomespossibleto detect
a programerror throughtype-checkingwhensuchan error leadsto the violation of oneof thesecaptured
properties.This is evidentlyadesirablefeaturein programmingif it canbemadepractical.

Theneedfor forming moreaccuratedatatypespartially motivatedthedesignof DependentML (DML),
anenrichmentof ML with a restrictedform of dependenttypes.Moreprecisely, DML is a languageschema.
Givena constraintdomain " , DML( " ) is the languagein theschemawhereall type index expressionsare
drawn from " . Roughlyspeaking,a typeindex expressionis simply a termthatcanbeusedto index a type.
Type-checkingin DML( " ) canthenbereducedto constraintsatisfactionin " . In this paper, we restrict "
to someintegerdomainandusethenameDML for this particularDML( " ). A variantof DML, deCaml,
hasbeenimplementedon top of Caml-light [14]. This implementationessentiallyreplacesthe front-endof
#
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Caml-lightwith adependenttype-checkerandkeepstheback-endof Caml-lightintact. It alsomodifiesmany
library functions,assigningto themmoreaccuratetypes.

An alternativeapproachto forming moreaccuratedatatypesis to usenesteddatatypes[2]. For instance,
a nesteddatatypeexactly representingred-blacktreescanbe readily formed. However, thereexist various
significantdifferencesbetweenDML-style dependenttypesandnesteddatatypes,which we will illustrate
later.

We usetypewriter font in thispaperto representcodein deCaml,all of whichhavebeenverified
in a prototypeimplementation.A significantconsequenceof theintroductionof dependenttypesis the loss
of the notion of principal typesin DML. For instance,both of the following typescanbe assignedto an
implementationin deCamlwhichzipstwo lists together.

’a list * ’b list -> (’a * ’b) list
{n:nat}’a list(n) * ’b list(n) -> (’a * ’b) list(n)

The first type hasthe usuallymeaning,while the secondoneimplies that for every naturalnumber $ , the
functionyieldsalist with length $ whengivenapairof listswith length $ . Noticethatweuse’a list(n)
for the type of a list with length $ in which every elementis of type ’a . If a dependenttype is to be
assignedto a functionin DML, it is theresponsibilityof theprogrammerto annotatethefunctionwith sucha
dependenttype.This is probablythemostsignificantdifferencebetweentheprogrammingstylesin ML and
in DML. In practice,we observe that the typeannotationsin a typical DML programoftenconstitutesless
than20%of theentirecode.Sincedependenttypeannotationscanoftenleadto moreaccuratereportsof type
errormessagesandserve asinformative programdocumentation,we feel that theDML programmingstyle
is acceptablefrom a practicalpointof view. We will providesomeconcreteexamplesfor thereaderto judge
this claim, includingimplementationsof red-blacktreesandbinomialheaps.Bothof theseimplementations
areadoptedfrom thecorrespondingonesin [17]. Theimplementationsin deCamlhave severaladvantages
over the original ones. We have verifiedmoreinvariantsin the de Caml implementations.For instance,it
is verifiedin the typesystemof deCaml that the functionwhich mergestwo binomialheapsindeedyields
a binomial heap. Also the type annotationsin the implementations,which canbe fully trustedsincethey
aremechanicallyverified, offer somepedagogicalvalues. We feel it is easierto understandthe de Caml
implementationsbecausethereadercanreasonin thepresenceof theseinformativedependenttypes.

In thispaper, it is neitherpossiblenornecessaryto formallypresentDML. Instead,wefocusonpresenting
someconcreteexamplesin theprogramminglanguagedeCaml, a variantof DML, aswell assomeintuitive
explanation.We refer theinterestedreaderto [22] for theformal developmentof DML, thoughwe strongly
believethatthis is largelyunnecessaryfor comprehendingthispaper.

Therestof thepaperis organizedasfollows. In Section2, wegiveabrief overview of thetypesin DML.
We thenintroducedeCamlin Section3, presentingsomeof its mainfeaturesandillustratingtype-checking
in de Camlwith a shortexample. Somecasestudiesaregiven in Section4, including implementationsof
Brauntrees,random-accesslists, red-blacktreesandbinomialheaps.Lastly, we discusssomerelatedwork
andthenconclude.

2 Types in Dependent ML

In this section,we presenta brief explanationon the typesin DML. The readeris encouragedto skip this
sectionandreadit later, thoughit could be helpful to gathersomeintuition beforestudyingthe concrete
examplesin Section3.

Intuitively speaking,dependenttypesaretypeswhichdependonthevaluesof languageexpressions.For
instance,wemayform atype %&$�')(*%,+ for eachinteger % to meanthatevery integerexpressionof this typemust
havevalue% , thatis, %&$�')(*%,+ is asingletontype.Notethat % is theexpressiononwhichthistypedepends.Weuse
thenametypeindexexpressionfor suchanexpression.Therearevariouscompellingreasons,suchaspractical
type-checking,for imposingrestrictionson expressionswhich canbechosenastype index expressions.A
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index expressions -/.10 23254 687:9;7<->=�0?7:-A@B0?7<-�CD0?7<-�E�0F7:GIH3JLK*-/.10NMO7<GQP:RSKT-U.&0NMO7<GIVNWAK*-/.10NM
index propositions X 23254 -ZY[0F7<-Z\[0?7:-Z][0F7<-Z^[0?7<-_4`0F7<-Oa4b0?7:X_c_deXgfh7iX_c_jkXLf

index sorts l 23254 -&m�no7qpr6?2:l7:Xtsu7rl c CZl f
index contexts v 23254 wx7ivL.y6z2il7ivL.yX

Figure1: Thesyntaxfor typeindex expressions

novelty in DML is to requirethattypeindex expressionsbedrawn only from a givenconstraintdomain.For
thepurposeof thispaper, werestricttypeindex expressionsto integers.We presentthesyntaxfor typeindex
expressionsin Figure1, wherewe use 6 for type index variablesand 9 for a fixed integer. Note that the
languagefor type index expressionsis typed. We usesortsfor the typesin this languagein orderto avoid
potentialconfusion.Weuse w for theemptyindex variablecontext andomit thestandardsortingrulesfor this
language.We alsousecertaintransparentabbreviations,suchas {?\|-OYb0 which standsfor {F\}-Sd8-OYb0 .
Thesubsetsort p<6B2~lb7~Xts standsfor thesort for thoseelementsof sort l which satisfythepropositionX .
For example,weusenatasanabbreviationfor thesubsetsort pr6z2�������7:6z]�{~s .

Typesin DML areformedasfollows. We use� for typevariablesand � for typeconstructors.

types � 23254 ��7~K*� c .�������.�����M��~K*-,MO7N�F7:� c C�� f 7:� cO� � f 7i��6z2�lg� �B7���6z2:lD� �
For instance,�T-,��n is a type constructorand K*-&m�n�M,�T-,��n)KTmAM standsfor the type of an integer list of length m .
��6�2�lg� � and ��6�2ZlD� � form a universaldependenttype andan existentialdependenttype, respectively.
For instance,theuniversaldependenttype ��6!2~mS6qn���K*-&m�n�M,�T-���n)K�6NM � KT-1m�n�M��*-,��n)KT6~M capturestheinvariantof a
functionwhich, for every naturalnumber6 , returnsan integer list of length 6 whengivenan integer list of
length 6 . Also we canusethe existentialdependenttype ��6�2gmS6�n���K*-&m�n�M��*-,��n)KT6~M to meanan integer list of
someunknown length.We demonstratehow a typeconstructoris declaredin Section3.

The typing rulesfor this languageshouldbe familiar from a dependentlytyped � -calculus(suchasthe
onesunderlyingCoqor NuPrl). Thecritical notionof typeconversionusesthejudgmentv8�F�rc� ¡��f which
is thecongruentextensionof equalityon index expressionsto arbitrarytypes:

v7 4¡�rcO }�£¢c w�w�w�� �  }�£¢� v�7 4¤- �4¡-�¢
vF��K*�rci.������).y� � M��~K*-,M¥ �KT� ¢c .������).�� ¢� M,�~KT- ¢ M

v¦�?� c  }�£¢c v8�?� f  }�£¢f
v8�z� c C�� f  ¤�£¢c C��£¢f

v8�z�£¢c  }� c vF�?� f  }�£¢f
v8�z� c�� � f  }�£¢c � �£¢f

vL.y6?2il8�?�? ¤�£¢
vF�F��6?2ilD� �z |��6z2ilg� �£¢

vL.U6z2:l¦�?�? ¤�£¢
v¦�8��6z2:lD� �? §��6z2:lD� �£¢

Noticethat it is theapplicationof theseruleswhich generatesconstraints.For instance,theconstraintvb7 4
KT6;=¨mAMS=¡© �4¡ªe=¨m is generatedin orderto derive vF��KT-1m�n�M��*-,��n)K�K�6«=¨mAMS=¡©<M¥ �KT-1m�n�M��*-,��n)K*ª¬=¨mAM .

It is difficult to presentmoredetailsgiventhespacelimitation. For thosewhoareinterested,wepointout
thatthedetailedformaldevelopmentof DML canbefoundin [22].

3 Some Features in de Caml

In thissection,weuseexamplesto presentsomeuniqueandsignificantfeaturesin deCaml,preparingfor the
casestudiesin Section4.

Theprogrammeroftendeclaresdatatypeswhenprogrammingin ML. For instance,thefollowing datatype
declarationdefinesa typeconstructor�T-���n .
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type ’a list = nil | cons of ’a * ’a list

Roughlyspeaking,this declarationstatesthat a polymorphiclist is formedwith two constructorsnil and
cons , whosetypesare’a list and’a * ’a list -> ’a list , respectively. Weuse’a for atype
variable.However, thedeclaredtype’a list is coarse.For instance,wecannotusethetypeto distinguish
anemptylist from anon-emptyone.In deCaml,this typecanberefinedasfollows.

refine ’a list with nat =
nil(0) | {n:nat} cons(n+1) ’a * ’a list(n)

Theclauserefine ’a list with nat meansthatwe refinethetype ’a list with anindex of sort
nat , thatis, theindex is a naturalnumber. In thiscase,theindex standsfor thelengthof a list.

 nil(0) meansthatnil is of type’a list(0) , thatis, it is a list of length ® .
 {n:nat} cons(n+1) of ’a * ’a list(n) meansthatcons is of type

{n:nat} ’a * ’a list(n) -> ’a list(n+1) ¯
that is, for every naturalnumbern, cons yieldsa list of length °F±§² whengivenanelementof type
’a andalist of length ° . Note{n:nat} is auniversalquantifier, whichis usuallywrittenas ³�°´i°Sµq¶
in typetheory.

Now list typeshave becomemoreinformative. Thefollowing codedefinestheappendfunctionon lists. We
use[] for nil and:: astheinfix operatorfor cons .

let rec append = function
([], ys) -> ys

| (x :: xs, ys) -> x :: append(xs, ys)
withtype {m:nat}{n:nat} ’a list(m)*’a list(n)->’a list(m+n)

Thewithtype clauseis atypeannotationsuppliedby theprogrammer,whichsimplystatesthatthefunction
returnsa list of lengthof ·e±¨° whengivena pairof listsof lengths· and ° , respectively. We now present
aninformaldescriptionabouttype-checkingin thiscase.

For thefirst clause([], ys) -> ys , thetype-checkerassumesthatys is of types’a list(b) for
someindex variablȩ of sortnat . Thisimpliesthat([], ys) isof type’a list(0) * ’a list(b) .
Thetype-checkertheninstantiates· and ° with ® and ¸ , respectively, andverify thattheys ontheright side
of -> is of type ’a list(0+b) . Sinceys is of type ’a list(b) underassumption,the type-checker
generatesaconstrainţO¹}®¥±!¸ undertheassumptionthat ¸ is anaturalnumber. Thisconstraintcanbeeasily
verified.

Let usnow type-checkthesecondclause(x :: xs, ys) -> x :: append(xs, ys) . As-
sumethat xs andys areof type ’a list(a) and ’a list(b) , respectively, where µ and ¸ are in-
dex variablesof sort nat . Then(x :: xs, ys) is of type ’a list(a+1) * ’a list(b) , and
we thereforeinstantiate· and ° with µz±�² and ¸ , respectively. Also we infer that the right sidex ::
append(xs, ys) is of type’a list((a+b)+1) sinceº>» and ¼£» areassumedof types’a list(a)
and ’a list(b) , respectively. We needto prove that the right side is of type int list(m+n) for
·½¹|µ«±}² and °!¹}¸ . This leadsto thefollowing constraint,

¾ µ¿±}²rÀS±b¸O¹ ¾ µ;±b¸)ÀS±¡²
whichcanbeimmediatelyverifiedunderthatassumptionthat µ and ¸ arenaturalnumbers.Thisfinishestype-
checkingtheabovedeCamlprogram.Theinterestedreaderis referredto [22] for theformalpresentationof
type-checkingin DML.
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Clearly, anaturalquestionis whetherthetypefor append canbereconstructedor synthesized.For such
a simpleexample,this seemshighly possible.However, our experienceindicatesthat it seemsexceedingly
difficult in generalto synthesizedependenttypesin practice,thoughwehavenot formally studiedthis issue.

Insteadof refininga type,it is alsoallowedto declarea dependenttypein deCaml.For instance,wecan
declarethefollowing.

datatype ’a list with nat = nil(0) | {n:nat} cons of ’a * ’a list(n)

Thedeclarationis basicallyequivalentto therefinementwemadeearlier. However, thereis alsoasignificant
difference.Whenwedeclarea refinement,we mustbeableto interpretthecorrespondingunrefinedtypesin
termsof refinedones.For example,after refining the type ’a list , we mustinterpretthis type in terms
of the refinedlist type. We needexistentialdependenttypesfor this purpose.’a list is interpretedas
[n:nat] ’a list(n) , thatis, ’a list is ’a list(n) for some(unknown)naturalnumberÁ . Note
that [n:nat] is anexistentialquantifier, which is oftenwritten as Â�Á¤ÃÄÁSÅqÆ in type theory. This provides
a smoothinteractionbetweenML typesanddependenttypes.Supposethat Ç is definedbeforethe list type
is refinedandits typeis ’a list -> ’a list . After refiningthelist type,we canassignto Ç thetype
([n:nat] ’a list) -> [n:nat] ’a list , thatis, Ç takesa list with unknown lengthandreturns
a list with unknown length.Thismakesit possiblefor Ç to beappliedto anargumentof dependenttype,say,
int list(2) . This is alsoessentialfor ensuringbackwardcompatibility, avery importantissuewhenthe
useof existingML codeis concerned.

However, thereis a needfor imposingsomerestrictionondatatyperefinement.We give a shortexample
to illustratesuchaneed.Thedatatype’a tree is declaredasfollowsfor all binarytrees.

datatype ’a tree = Leaf | Node of ’a tree * ’a * ’a tree

Supposewedeclarethefollowing refinement,wherethetypeindex standardsfor theheightof a tree.

refine ’a tree with nat =
Leaf(0) | {h:nat} Node(h+1) of ’a tree(h) * ’a * ’a tree(h)

This refinementis problematicsincethe type [h:nat] ’a tree(h) now standardsfor the type of all
perfectbinarytrees,andthereforeit cannotbeusedto representtheoriginal ’a tree , which is thetypefor
all binarytrees.Thereis somesyntacticrestrictionthatcanbeimposedto ruleoutsuchproblematicdatatype
refinements.We stopmentioningtherestrictionsinceit is simplynotneededin thispaper.

Thereis anotherimportantuseof existentialdependenttypes.In orderto guaranteepracticaltypecheck-
ing in de Caml,we mustmake constraintsrelatively simple. Currently, we only acceptlinear integercon-
straints.This immediatelyimpliesthattherearemany (realistic)constraintsthatareinexpressiblein thetype
systemof de Caml. For instance,the following codeimplementsa filter function on a list which removes
from thelist all elementsnotsatisfyingthepropertyp.

let filter p = function
[] -> []

| x :: xs -> if p(x) then x :: (filter p xs) else (filter p xs)

In general,it is impossibleto know the length of the list (filter p l) without knowing what p is.
Therefore,it is impossibleto typethefunctionusingonly universaldependenttypes.Nonetheless,we know
that the lengthof (filter p xs) is lessthanor equalto that of l . This invariantcanbe capturedby
assigningfilter thefollowing types.

(’a -> bool) -> {m:nat} ’a list(m) -> [n:nat | n <= m] ’a list(n)

Notethat[n:nat | n <= m] standsfor Â�ÁÃ~ÈrÅ?ÃiÁSÅqÆ�É�ÅQÊbË�Ì .
Another significantuseof existential dependenttypesis to representa rangeof values. We can use

([n:nat] int(n)) array to representthe type for thevectorswhoseelementsarenaturalnumbers.
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datatype ’a brauntree with nat =
L(0)

| {m:nat}{n:nat | n <= m <= n+1}
B(m+n+1) of ’a * ’a brauntree(m) * ’a brauntree(n) ;;

let rec diff k = function
L -> 0

| B(_, l, r) ->
if k = 0 then 1
else if k mod 2 = 1 then diff (k/2) l else diff (k/2 - 1) r

withtype {k:nat}{n:nat | k <= n <= k+1}
int(k) -> ’a brauntree(n) -> int(n-k) ;;

let rec size = function
L -> 0 | B(_, l, r) -> let n = size r in 1 + n + n + diff n l

withtype {n:nat} ’a brauntree(n) -> int(n) ;;

Figure2: An implementationof thesizefunctiononBrauntrees

This is very useful for eliminatingarrayboundchecksat run-time[20]. In general,we view that the use
of existentialtypesin deCaml for handlingfunctionslike filter is crucial to the scalabilityof the type
systemof deCamlsincesuchfunctionsareabundantin practice.

Lastly, wementionaconventionin deCaml.After declaringa dependenttypeasfollows,

datatype ÍTÎ_Ï<Ð�Ñ�Ñ�Ñ�ÐyÎgÒ«ÓLÔ with Í�ÕrÖ<×<ØyÏ:Ð�Ñ�Ñ�Ñ�ÐUÕrÖ<×<Ø,Ù�Ó¥Ú�Û�Û�Û�Û�Û�Û
wemaywrite Í*ÜrÏ:Ð�Ñ�Ñ�Ñ�ÐyÜ�Ò«Ó�Ô to standfor thefollowing.

Ý Þ Ï�ß Õ�Ö<×<Ø Ï)à Û�Û�Û Ý Þ Ù?ß Õ�Ö<×<Ø Ù£à Ñ�Í*Ü Ï Ð�Ñ�Ñ�Ñ)ÐyÜ Ò Ó,Ô~Í Þ Ï Ð�Ñ�Ñ�Ñ�Ð Þ Ù Ó
For example,’a list standsfor [n:nat] ’a list(n) .

4 Case Studies

In this section,we presentsomeexamplesto demonstratethe useof dependentdatatypesin capturingin-
variantsin datastructures.All theseexamplesin de Caml have beensuccessfullyverified in a prototype
compilerfor deCaml,which is written on top of theCaml-lightcompiler[14]. Theclaim we make is that
dependentdatatypesenabletheprogrammerto implementalgorithmsin a way thatis morerobustandeasier
to understand.

4.1 Braun Trees

A Braun tree is a balancedbinary tree [4] suchthat for every branchnodein the tree, its left subtreeis
eitherthesamesizeasits right subtree,or containsonemoreelement.Brauntreescanbeusedto give neat
implementationsfor flexible arraysandpriority queues.In [16], thereis an algorithmwhich computesthe
sizeof a Brauntreein áIÍ*âäã�åNæ�çAÓ time, where ç is thesizeof theBrauntree. We implementthis algorithm
in Figure2. We first declarea dependentdatatype’a brauntree(n) for Brauntreesof size ç . Notethat
thetypeof B is
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{m:nat}{n:nat | n <= m <= n+1}
’a * ’a brauntree(m) * ’a brauntree(n) -> ’a brauntree(m+n+1)

which statesthat B yields a Brauntreeof size è½é¤ê!é�ë whengivenan element,a Brauntreeof size è
anda Brauntreeof size ê where ê�ì|èíì|ê8é§ë holds. This exactly capturestheinvarianton Brauntrees
mentionedabove.

Givenanaturalnumberî anda Brauntreeof size ê satisfyingîFìbêì�î;é}ë , thefunctiondiff yields
thedifferencebetweenê and î . With this function,thesizefunctionon Brauntreescanbedefinedstraight-
forwardly. An interestingpoint in this exampleis thatthetypeof thefunctionsize preciselyindicatesthat
this is the sizefunction on Brauntreessinceit statesthat the function returnsan integer of value ê when
givena Brauntreeof size ê .

The reasonthat diff êðï yields thedifferencebetweenñ ïyñ , the sizeof ï , and ê canbe found in [16].
We give somebrief explanationbelow. It is clearthat ñ ïUñ:òê is either ó or ë . If ï is a leaf, ñ ïyñiò[ê mustbe ó .
Otherwise,ñ ïyñ~ôkë�é�ñ ïTõ1ñré�ñ ö:õ&ñ , where ïTõ and ö:õ aretheleft andright branchesof ï , respectively. If ê is odd,
then êBô�ë�é�÷*êLøiù:úZé¬÷�êLø�ù<ú andthus

ñ ïyñ:ò�ê ô ë�é§ñ ïTõ�ñré|ñ ö:õ�ñ:ò�ë¥ék÷*êLøiù<ú�é¬÷�êLø�ù<ú�ô�ûUñ ï�õ1ñiò�÷*êLøiù<ú:ü�é}ûUñ ö:õ�ñ:ò�÷�êLø�ù<ú<ü
Since ñ ï õ ñ<ò¤ë«ì�ñ ö õ ñNì�ñ ï õ ñ holds,wehave thefollowing.

ù�ûyñ ï õ ñiò�÷*êLøiù:ú<üLòbë;ì�ñ ïyñ<òê�ì¡ù£ûUñ ï õ ñ<ò�÷�êLø�ù<ú:ü
It cannow be readily verified that ñ ïyñNò�ê�ôýë if ñ ï õ ñ£òe÷*êLøiù<úBôþë and ñ ïyñNò�ê�ô½ó if ñ ï õ ñ~òÿ÷�êLø�ù<ú¦ô�ó .
Therefore,if ê is odd, ñ ïyñNòbê|ôýñ ïTõ&ñNòe÷�êLøiù:ú . With somesimilar reasoning,we caneventuallyprove the
correctnessof thedefinedfunctiondiff .

This examplealsoshows that althoughthe datatypetype declarationfor Brauntreescontainssize in-
formation, this information is not availableat run-timeand thereforea recursive walk throughthe tree is
necessaryto determinethesizeof a tree.

4.2 Random-Access Lists

A random-accesslist is a list representationsuchthatlist lookup(update)canbeimplementedin anefficient
way. In thiscase,thelookup(update)functiontakes �Iû�������êAü time in contrastto theusual �Iû*êAü time (worst
case),whereê is thelengthof theinput list.

We presentan implementationof random-accesslist in Figures3 and4. We first declarethe depen-
dentdatatypefor random-accesslists. Note that ’a rlist(n) standsfor the typeof random-accesslists
with length ê . Nil andOne aretheconstructorsfor emptyandsingletonrandom-accesslists, respectively.
Furthermore,theconstructorsEven andOdd areto form random-accesslists of evenandodd lengths,re-
spectively. If l1 andl2 representlists �	��
����
���� and ����
�����
���� for someê��§ó , respectively, thenEven
(l1, l2) representsthe list �	��
�����
����
����	
���� . Similarly, if l1 and l2 representlists �	��
����
����	
��������
and ����
�����
���� for someê��¤ó , respectively, Odd(l1, l2) represents�	��
�����
�����
���� 
����	
�������� . With such
a datastructure,we canimplementa lookup(update)functionon random-accesslist which takes �Iû�������êAü
time. A crucial invarianton this datastructureis that l1 and l2 musthave thesamelengthif Even(l1,
l2) is formedor l1 containsonemoreelementthanl2 if Odd(l1, l2) is formed.This is clearlycap-
turedby the dependentdatatypedeclarationfor ’a rlist . The functioncons appendsan elementto a
list anduncons decomposesa list into a pair consistingof the headandthe tail of the list. Note that the
typeof uncons requiresthis functiononly to beappliedto anon-emptylist. Bothcons anduncons takes
�Iû�������êAü time.

Thefunction lookup_safe deservessomeexplanation.Thetypeof this functionindicatesthat it can
beappliedto i andl only if i is a naturalnumberandits valueis lessthanthelengthof l . Noticethat the
look_up i l simply returnx whenthe l matchesthepatternOne x . Thereis noneedto checkwhether
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datatype ’a rlist with nat =
Nil(0)

| One(1) of ’a
| {n:nat | n > 0} Even(n+n) of ’a rlist(n) * ’a rlist(n)
| {n:nat | n > 0} Odd(n+n+1) of ’a rlist(n+1) * ’a rlist(n) ;;

exception Subscript ;;

let rec cons x = function
Nil -> One x

| One y -> Even(One(x), One(y))
| Even(l1, l2) -> Odd(cons x l2, l1)
| Odd(l1, l2) -> Even(cons x l2, l1)

withtype {n:nat} ’a -> ’a rlist(n) -> ’a rlist(n+1) ;;

let rec uncons = function
One x -> (x, Nil)

| Even(l1, l2) ->
let (x, l1) = uncons l1 in begin

match l1 with
Nil -> (x, l2) | _ -> (x, Odd(l2, l1))

end
| Odd(l1, l2) -> let (x, l1) = uncons l1 in (x, Even(l2, l1))

withtype {n:nat | n > 0} ’a rlist(n) -> ’a * ’a rlist(n-1) ;;

let rec length = function
Nil -> 0

| One _ -> 1
| Even (l1, _) -> 2 * (length l1)
| Odd (_, l2) -> 2 * (length l2) + 1

withtype {n:nat} ’a rlist(n) -> int(n) ;;

let rec lookup_safe i = function
One x -> x

| Even (l1, l2) ->
if i mod 2 = 0 then lookup_safe (i / 2) l1
else lookup_safe (i / 2) l2

| Odd(l1, l2) ->
if i mod 2 = 0 then lookup_safe (i / 2) l1
else lookup_safe ((i-1) / 2) l2

withtype {i:nat}{n:nat | i < n} int(i) -> ’a rlist(n) -> ’a ;;

Figure3: An implementationof random-accesslists in deCaml(I)
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let rec update_safe i x = function
One y -> One x

| Even(l1, l2) ->
if i mod 2 = 0 then Even(update_safe (i / 2) x l1, l2)
else Even(l1, update_safe (i / 2) x l2)

| Odd(l1, l2) ->
if i mod 2 = 0 then Odd(update_safe (i / 2) x l1, l2)
else Odd(l1, update_safe ((i-1) / 2) x l2)

withtype {i:nat}{n:nat | i < n}
int(i) -> ’a -> ’a rlist(n) -> ’a rlist(n) ;;

Figure4: An implementationof random-accesslists in deCaml(II)

datatype ’a rlist with nat =
Nil(0)

| One(1) of ’a
| {n:nat | n > 0} Even(n+n) of (’a * ’a) rlist(n)
| {n:nat | n > 0} Odd(n+n+1) of ’a * (’a * ’a) rlist(n)

Figure5: A nesteddependentdatatypefor randomaccesslists

i is ! : it mustbesincei is a naturalnumberandi is lessthanthelengthof l , which is " in this case.The
usuallookupfunctioncanbeimplementedasusualor asfollows.

let rec lookup i l =
if i < 0 then raise Subscript
else if i >= length l then raise Subscript

else lookup_safe i l
withtype int -> ’a rlist -> ’a ;;

We point out that an implementationof random-accesslists is given in [17], which usesthe featureof
nesteddatatypes.Okasaki’s implementationsupports(on average)#%$&"(' -time consingandunconsingopera-
tionsandarethussuperiorto our implementationin this respect.On theotherhand,theupdatefunction in
Okasaki’s implementationrequirestheuseof somehigher-orderfeature,which doesnot exist in our imple-
mentation.We view thisasanedgeof our implementation.

It shouldbestressedthatnesteddatatypesandDML-style dependenttypesareorthogonalto eachother.
For instance,we canform a nesteddependentdatatypein Figure5 for random-accesslists, imitating a cor-
respondingdatatypein [17]. Unfortunately, we currentlycannotexperimentwith sucha dependentdatatype
becausepolymorphicrecursionis notsupportedin Caml-light.

4.3 Red-Black Trees

A red-blacktree(RBT) is a balancedbinarytreewhich satisfiesthefollowing conditions:(a) all leavesare
markedblackandall othernodesaremarkedeitherredor black;(b) for everynodetherearethesamenumber
of blacknodeson every pathconnectingthenodeto a leaf,andthis numberis calledtheblack heightof the
node;(c) thetwo sonsof everyrednodemustbeblack. It is acommonpracticeto usetheRBT datastructure
for implementinga dictionary. We declarea datatypein Figure6, which preciselycapturestheseproperties
of a RBT.

9
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type key == int ;;

sort color == {a:int | 0 <= a <= 1} ;;

datatype rbtree with (color, nat, nat) =
E(0, 0, 0)

| {c:color}{cl:color}{cr:color}{bh:nat}
B(0, bh+1, 0) of rbtree(cl, bh, 0) * key * rbtree(cr, bh, 0)

| {cl:color}{cr:color}{bh:nat}
R(1, bh, cl+cr) of rbtree(cl, bh, 0) * key * rbtree(cr, bh, 0) ;;

let restore = function
(R(R(a, x, b), y, c), z, d) -> R(B(a, x, b), y, B(c, z, d))

| (R(a, x, R(b, y, c)), z, d) -> R(B(a, x, b), y, B(c, z, d))
| (a, x, R(R(b, y, c), z, d)) -> R(B(a, x, b), y, B(c, z, d))
| (a, x, R(b, y, R(c, z, d))) -> R(B(a, x, b), y, B(c, z, d))
| (a, x, b) -> B(a, x, b)

withtype {cl:color}{cr:color}{bh:nat}{vl:nat}{ vr:na t | vl+vr <= 1}
rbtree(cl, bh, vl) * key * rbtree(cr, bh, vr) ->
[c:color] rbtree(c, bh+1, 0) ;;

exception Item_already_exists ;;

let insert x t =
let rec ins = function

E -> R(E, x, E)
| B(a, y, b) -> if x < y then restore(ins a, y, b)

else if y < x then restore(a, y, ins b)
else raise Item_already_exists

| R(a, y, b) -> if x < y then R(ins a, y, b)
else if y < x then R(a, y, ins b)

else raise Item_already_exists
withtype {c:color}{bh:nat}

rbtree(c, bh, 0) ->
[c’:color][v:nat | v <= c] rbtree(c’, bh, v) in

match ins t with
R(a, y, b) -> B(a, y, b)

| t -> t
withtype {c:color}{bh:nat} key -> rbtree(c, bh, 0) ->

[bh’:nat] rbtree(0, bh’, 0) ;;

Figure6: A red-blacktreeimplementation

10
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A sortcolor is declaredfor thetype index expressionsrepresentingthecolorsof nodes.We use ) for
blackand * for red. For simplicity, we useintegersfor keys. Of course,onecanreadilyuseotherordered
datastructures.Thetype rbtree is indexedwith a triple (c, bh, v) , where + is thecolor of thenode,,�-

is theblackheightof thetree,and . is thenumberof color violations.We recordonecolor violation if a
rednodeis followedby anotherrednode,andthusa RBT musthave no color violations.Clearly, thetypes
of constructorsindicatethatcolor violationscanoonly occurat thetop node.Also, noticethata leaf, thatis,
E, is consideredblack.Giventhedatatypedeclarationandtheexplanation,it shouldbeclearthatthetypeof
a RBT is simply

[c:color][bh:nat] rbtree(c,bh,0) ,

thatis, a treewhichhassometopnodecolor + andsomeblackheight
,�-

but nocolorviolations.
It is an involvedtaskto implementRBT. The implementationwe presentis basicallyadoptedfrom the

onein [17], thoughtherearesomeminormodifications.We explainhow theinsertionoperationonaRBT is
implemented.Clearly, theinvariantwe intendto captureis that insertinganentryinto a RBT yieldsanother
RBT. In otherwords,we intendto declarethattheinsertionoperationis of thefollowing type.

key->[c:color][bh:nat] rbtree(c,bh,0)->[c:color][bh:nat] rbtree(c,bh,0)

If we insertanentryinto a RBT, somepropertieson RBT maybeviolated.Thesepropertiescanberestored
throughsomerotationoperations.Thefunctionrestore in Figure6 is definedfor thispurpose.

Thetypeof restore is easyto understand.It statesthatthis functiontakesanentry, a treewith atmost
onecolor violation anda RBT andreturnsa RBT tree. The two treesin theargumentmusthave thesame
blackheight

,�-
for somenaturalnumber

,�-
andthereturnedRBT hasblackheight

,�-0/ * . This information
canbeof greathelp for understandingthecode. If the informationhadbeeninformally expressedthrough
comments,it would be difficult to know whetherthe commentscanbe trusted. Also notice that it is not
trivial at all to verify the informationmanually. We could imaginethatalmosteveryonewho did this would
appreciatetheavailability of a type-checker to performit automatically.

Thereis a greatdifferencebetweentype-checkinga patternmatchingclausesin DML andin ML. The
operationalsemanticsof ML requiresthat patternmatchingbe performedsequentially, that is, the chosen
patternmatchingclauseis alwaysthefirst onewhich matchesa givenvalue. For instance,in thedefinition
of thefunctionrestore , if thelastclauseis chosenat run-time,thenwe know theargumentof restore
doesnot matcheitherof theclausesaheadof the lastone. This mustbe taken into accountwhenwe type-
checkingpatternmatchingin DML. Oneapproachis to expandpatternsinto disjoint ones.For instance,the
pattern(a, x, b) expandsinto 1�2 patterns354�6�787&9(:�;�<�=�>?=@4�6�787&9�:�;BA�C , where4�6�787&9(:�;�< and4�6�787&9(:�;BA range
over thefollowing six patterns:R(B _, _, B _) , R(B _, _, E) , R(E, _, B _) , R(E, _, E) ,
B _, andE. Unfortunately, suchexpansionmayleadto combinatorialexplosion.An alternative is to require
the programmerto indicatewhethersuchexpansionis needed. Neitherof theseis currentlyavailable in
deCaml,andtheauthorhastaken the inconvenienceto expandpatternsinto disjoint oneswhennecessary.
We emphasizethat thecodein Figure6 mustbe thusexpandedin orderto passtype-checkingin deCaml.
Thoughthiscanbefixedstraightforwardly, it is currentlyunclearwhatmethodcansolvetheproblembest.

The completeimplementationof the insertionoperationfollows immediately. Notice that the type of
function ins indicatesthat ins mayreturna treewith onecolor violation if it is appliedto a treewith red
topnode.This is fixedby replacingthetopnodewith ablackonefor everyreturnedtreewith a redtopnode.

Moreover, wecanuseanextra index to indicatethesizeof aRBT. If wedoso,wecanthenshow thatthe
insert functionalwaysreturnsaRBT of size ; / * whengivena RBT of size ; (notethatanexceptionis
raisedif theinsertedentryalreadyexistsin thetree).Pleasereferto [23] for details.

4.4 Binomial Heaps

A binomialtreeis definedrecursively;abinomialtree DFE with rank ) consistsof asinglenodeandabinomial
tree DHG�I�< of rank J / * consistsof two linkedbinomialtreesDHG of rank J suchthattherootof one DKG is the

11
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leftmostsonof theother LKM . A binomialheapN is a collectionof binomialtreesthatsatisfytheproperties:
(a)eachbinomialtreein N is heap-ordered,thatis, thekey of a nodeis greaterthator equalto thekey of its
parent,and(b) thereis at mostonebinomialtreein N whoseroot hasa givendegree.Pleasereferto [6] for
details.

We declaresomedatatypesin Figure7 for forming binomialheaps.Thetype tree(n) is for binomial
treesof rank O , andthe type treelist(n) is for a list of binomial treeswith decreasingranksand OQPRTS�U if thelist is notempty, whereR is therankof thefirst binomialtreein thelist. Werepresentabinomial
heapasa list of binomialtreeswith increasingranks.For a heapof typeheap(n) , if OVPXW thentheheap
is empty;otherwiseOYP RZS[U where R is the rankof thefirst binomial treein theheap.Notice thatwe
attachrankto eachtreenodein orderto efficiently computetherankof a treewhile usingthetypeof Node
to guaranteethatthefirst componentof eachnodeindeedrepresentstherankof thatnode.

Noticethatthedatatypefor binomialtreesdoesnotcapturetheinvariantstatingthatthesetreesareheap-
ordered.This seemsto be beyondthe reachof dependentdatatypes.Also notethat we would not be able
to capturesomeof the invariantsif we usedtheordinarylist constructors,that is, nil andcons , to form
treelists. This leadsto theintroductionof Tempty , Tcons , Hempty andHcons . This specialfeaturein
programmingwith dependentdatatypeshasanunpleasantconsequence,whichwementionin Section5.

The implementationin Figure 7 and 8 is largely adoptedfrom [17]. Sincethe type for the function
merge is relatively complex, we explain it asfollows. This type statesthat given two binomial heapsof
typesheap(m) andheap(n) , respectively, this function returnsa binomial heapof type heap(l) for
some\ suchthat \?P R if O]PTW , or \?P^O if R P_W , or \�`Qa%bdc�e Rgf O?hjiQW otherwise.

5 Limitation

We mentionsomelimitationsof dependentdatatypesin thissection.
In orderto captureinvariants,we mayhave to declarenew datatypesinsteadof usingexisting ones.For

instance,we declaredthedatatypetreelist in Figure7 insteadof usingtheexisting list constructorsto
form a list of trees.Thereasonis thatwe wantedto only form lists of binomial treeswith decreasingrank.
Similarly, weintroducedthedatatypeheap to capturetheinvariantthatabinomialheapis a list of treeswith
increasingorder. This forcesus to definethe function to_heap later, which essentiallyreversesa list of
treesandappendit to aheap.If weusedtheexisting list constructorswithoutdeclaringeitherof treelist
andheap , we couldthenusesomeexisting functionon lists insteadof definingto_heap . In orderwords,
usingdependentdatatypesmaylosesomeopportunitiesfor codereuse.

Another limitation can be illustratedusing the following example. Let B be the constructordeclared
in Figure2, which is usedto form Brauntrees. Supposethat B(x, l, r) occursin the codewherethe
programmerknowsfor somereasonthatl is thesamesizeasr or containsonemoreelementbut thiscannot
beestablishedin the typesystemof deCaml. In this case,thecodeis to be rejectedby thedeCaml type-
checker, thoughthe codewill causeno run-timeerror (if we trust the programmer).The situationis very
similar to thecasewherewe move from anuntypedprogramminglanguageinto a typedone. A solutionto
this problemis thatwe introducesomerun-timechecks.For instance,we maydefinethefollowing function
andreplaceB(x, l, r) with make_brauntree x l r .

let make_brauntree x l r =
let m = size(l) and n = size(r) in

if n <= m && m <= n+1 then B(x, l, r) else raise Illegal_argument
withtype int -> brauntree -> brauntree -> brauntree

Thefunctionmake_brauntree canreadilypasstype-checkingin deCaml(we refertheinterestedreader
to [22] for furtherdetails).Thepenaltyin thiscaseis thatmake_brauntree takes k%e@ldm�n�o O?h time to build
a treeof size O , thoughthiscanbeavoidedif westoresizeinformationin eachnode.

In general,if theprogrammeranticipatestheabove situationto occurfrequently, thensheor heshould
eithermake surethat run-timecheckscanbe doneefficiently or switch back to non-dependentdatatypes.

12



www.manaraa.com

datatype tree with nat =
{n:nat} Node(n) of int(n) * int * treelist(n)

and treelist with nat =
Tempty(0)

| {m:nat}{n:nat | m >= n} Tcons(m+1) of tree(m) * treelist(n) ;;

datatype heap with nat =
Hempty(0)

| {m:nat}{n:nat | n = 0 \/ m+1 < n} Hcons(m+1) of tree(m) * heap(n) ;;

let rank = function Node(r, _, _) -> r
withtype {n:nat} tree(n) -> int(n) ;;

let root = function Node(_, x, _) -> x
withtype {n:nat} tree(n) -> int ;;

let link (Node(r, x1, ts1) as t1) = function
Node(_, x2, ts2) as t2 ->
if (x1 <= x2) then Node(r+1, x1, Tcons(t2, ts1))
else Node(r+1, x2, Tcons(t1, ts2))

withtype {r:nat} tree(r) -> tree(r) -> tree(r+1) ;;

let rec insTree t = function
Hempty -> Hcons(t, Hempty)

| Hcons(t’, ts’) as ts ->
if rank t < rank t’ then Hcons(t, ts) else insTree (link t t’) ts’

withtype {r:nat}{n:nat | n = 0 \/ r < n}
tree(r) -> heap(n) -> [l:nat | l > r] heap(l) ;;

let insert x hp = insTree (Node(0, x, Tempty)) hp
withtype int -> [n:nat] heap(n) -> [n:nat | n > 0] heap(n) ;;

let rec merge = function
(hp1, Hempty) -> hp1

| (Hempty, hp2) -> hp2
| (Hcons(t1, hp1’) as hp1), (Hcons(t2, hp2’) as hp2) ->

if rank t1 < rank t2 then Hcons(t1, merge(hp1’, hp2))
else if rank t1 > rank t2 then Hcons(t2, merge(hp1, hp2’))
else let hp = merge(hp1’, hp2’) in insTree (link t1 t2) hp

withtype {m:nat}{n:nat} heap(m) * heap(n) ->
[l:nat | (n = 0 /\ l = m) \/ (m = 0 /\ l = n) \/

(l >= min(m, n) > 0)] heap(l) ;;

Figure7: An implementationof binomialheapindeCaml(I)
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exception Heap_is_empty ;;

let rec removeMinTree = function
Hempty -> raise Heap_is_empty

| Hcons(t, Hempty) -> (t, Hempty)
| Hcons(t, hp) ->

let (t’, hp’) = removeMinTree hp in
if root t < root t’ then (t, hp) else (t’, Hcons(t, hp’))

withtype {n:nat}
heap(n) ->
[r:nat][l:nat | l = 0 \/ l >= n > 0] (tree(r) * heap(l)) ;;

let findMin hp = let (t, _) = removeMinTree hp in root t
withtype {n:nat} heap(n) -> int ;;

let rec to_heap hp = function
Tempty -> hp

| Tcons(t, ts) -> to_heap (Hcons(t, hp)) ts
withtype {m:nat}{n:nat | m = 0 \/ m > n}

heap(m) -> treelist(n) -> heap ;;

let deleteMin hp =
let (Node(_, x, ts), hp) = removeMinTree hp
in merge (to_heap Hempty ts, hp)

withtype heap -> heap ;;

Figure8: An implementationof binomialheapin deCaml(II)

We recommendthat theprogrammeravoid complex encodingswhenusingdependentdatatypesto capture
invariantsin datastructures.

6 Related Work

Theuseof typesystemsin programerrordetectionis ubiquitous.Usually, thetypesin generalpurposepro-
gramminglanguagessuchasML andJavaarerelatively inexpressivefor thesakeof practicaltype-checking.
In theselanguages,the useof typesin programverificationis effective but too limited. Our work canbe
viewedasproviding a moreexpressive typesystemto allow theprogrammerto capturemoreprogramprop-
ertiesthroughtypesandthuscatchmoreerrorsat compile-time.As a consequence,typescanserveasinfor-
mative programdocumentation,facilitatingprogramcomprehension.We assignpriority to thepracticality
of type-checkingin our languagedesignandemphasizetheneedfor restrictingtheexpressivenessof a type
system.

In [21], we have comparedour work with sometraditionaldependenttype systemssuchas the ones
underliningCoq[8] andNuPrl [5], which arefar morerefinedthanthetypesystemof DML. There,wealso
give comparisonto the notion of indexed types[25] (an earlierversionof which is describedin [24]), the
notionof refinementtypes[9, 7], thenotionof sizedtypes[13], andtheprogramminglanguageCayenne[1].

Therehave beenmany recentstudieson the useof nesteddatatypes[2] in constructing(sophisticated)
datatypesto capturemoreinvariantsin datastructures.For instance,a varietyof examplescanbefoundin
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[3, 18, 10, 12, 11]. We feel that theadvantageof this approachis that it requiresrelatively minor language
extensions,whichmayincludepolymorphicrecursion,higher-orderkinds,rank-2polymorphism,to existing
functionalprogramminglanguagessuchasHaskell, while type-checkingin DML is muchmoreinvolved.
On the otherhand,this approachseemslessflexible, often requiringsomeinvolved treatmentat both type
andprogramlevel. The importantnotion of datatyperefinementin DML cannotbe capturedwith nested
datatypes.For instance,it is impossibleto form a nesteddatatypethatcancapturethenotionof thelengthof
a list sincethiswould imply thatonecouldsimplyusetypesto distinguishnon-emptylists from emptyones.
In general,wethink thatthesetwo approachesareessentiallyorthogonalin spiteof somesimilarmotivations
behindtheirdevelopmentandthey canbereadilycombinedwith little effort.

7 Conclusion

The useof dependentdatatypesin capturinginvariantsin datastructuresis novel. This practicecanoffer
many advantageswhenwe implementalgorithmsin advancedprogramminglanguagesequippedwith sucha
mechanism.Themostsignificantadvantageis probablyin programerrordetection.We arguedin Section1
that the imprecisionof datatypesin StandardML or Haskell in capturinginvariantscan be a rich source
for run-timeprogramerrors. In addition,the dependenttype annotationssuppliedby the programmerare
mechanicallyverified andcan thusbe fully trusted. They canserve as valuableprogramdocumentation,
facilitatingprogramunderstanding.Therearealsovarioususesof dependentdatatypesin compileroptimiza-
tion.

Type-checkingin DML is largely independentof the size of a programsincea type-checkingunit is
roughly thebodyof a toplevel function. In general,whatmattersin type-checkingis thedifficulty level of
thepropertiesthatareto bechecked. A moreseriousissueis how to reporterrormessagesin caseof type
errors.Thetype-checkingin deCamlimplementsa top-down stylealgorithm,whichusuallypinpointsto the
locationof a type error. Unfortunately, the authorfinds that it may often be surprisinglydifficult to figure
out thecauseof a typeerror. On thepositive side,thetype-checkerof deCamlis oftencapableof detecting
a variety of subtleerrors. For instance,the authoronceusedEven(l1, l2) to form a random-list(in
Figure3) andthetype-checker raisedanerrorbecauseit couldnot prove that l1 cannotbeNil . If this had
goneunnoticed,it would have invalidatedsomeinvariantassumedby the programmer, potentiallycausing
(difficult) run-timeerrors. We arecurrentlyin theprocessof gatheringmorestatisticsregardingtheuseof
deCaml.

The usualfocusof datastructuredesignis mainly on enhancingtime and/orspaceefficiency, andless
attentionis paidto programerrordetection.Theintroductionof dependentdatatypesprovidesanopportunity
to remedythesituation.In general,weareinterestedin promotingtheuseof light-weightformalmethodsin
practicalprogramming,enhancingtherobustnessof programs.We have presentedsomeconcreteexamples
of dependentdatatypesin this paperin supportof sucha promotion.We hopetheseexamplescanraisethe
awarenessof dependentdatatypesandtheirusein implementingalgorithms.
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